Some explicit expressions of Stroh-like formalism for coupled stretching–bending analysis  by Hwu, Chyanbin
International Journal of Solids and Structures 47 (2010) 526–536Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rSome explicit expressions of Stroh-like formalism for coupled stretching–bending
analysis
Chyanbin Hwu *
Institute of Aeronautics and Astronautics, National Cheng Kung University, Tainan 70101, Taiwan, ROC
a r t i c l e i n f o a b s t r a c tArticle history:
Received 14 May 2009
Received in revised form 8 September 2009
Available online 23 October 2009
Keywords:
Stroh-like formalism
Coupled stretching–bending analysis
Anisotropic elasticity
Composite laminates
Explicit expressions0020-7683/$ - see front matter  2009 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2009.10.015
* Tel.: +886 6 2757575x63662; fax: +886 6 238994
E-mail address: CHwu@mail.ncku.edu.twSince Stroh-like formalism for coupled stretching–bending analysis preserves essential features of Stroh
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explicit expressions of some important matrices frequently appeared in Stroh-like formalism. In this
paper, explicit expressions are obtained for the fundamental elasticity matrix N, the generalized funda-
mental elasticity matrix NðhÞ, the material eigenvector matrices A and B and Barnett–Lothe tensors L, S
and H. In these expressions N, A and B are presented for the general laminates, whereas the other matri-
ces are presented only for the symmetric laminates. To show the applicability to the degenerate lami-
nates, these expressions are further reduced to the isotropic plates. Finally, they are applied to get the
explicit real component form solutions of the Green’s functions for an inﬁnite isotropic plate.
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It is well known that Stroh formalism is an elegant and power-
ful tool for the study of two-dimensional deformation of aniso-
tropic elastic materials (Ting, 1996). Due to its success in dealing
with plane problems of anisotropic elasticity, several extensions
have been made in the literature such as the extended Stroh for-
malism to include the thermal effects (Hwu, 1990), the expanded
Stroh formalism to consider the piezoelectric materials (Kuo and
Barnett, 1991; Suo et al., 1992), the Stroh-like formalism for the
plate bending problems (Hwu, 2003) and the Stroh-like formalism
for the coupled stretching–bending analysis (Cheng and Reddy,
2002; Hwu, 2003). Since Stroh formalism and all its extensions
are complex variable formulations, most of the ﬁeld solutions are
expressed in complex form and the complex material eigenvector
matrices A and B usually play important roles on the ﬁnal analytical
solutions. For degenerate materials, the material eigenvalues are
repeated and their associated eigenvectors A and B may not exist.
To cover all types of anisotropic plates – degenerate or non-degen-
erate, the Stroh formalism and all its extensions should be modi-
ﬁed (Ting, 1996; Yin, 2003a,b).
A key feature of Stroh formalism is its eigen-relation relating
the complex material eigenvectors to real material properties. Sev-
eral real matrices connecting through this eigen-relation, such as
the fundamental elasticity matrix N, the generalized fundamental
elasticity matrix NðhÞ and Barnett–Lothe tensors L, S and H, becomell rights reserved.
0.crucial when the analytical solutions lead to real form expressions.
Because these real matrices can be obtained directly from the
material properties, they exist for all types of materials – degener-
ate or non-degenerate. In other words, if the ﬁnal solution of a cer-
tain elasticity problem can be expressed in terms of these real
matrices, even they are derived based upon the assumption of
non-degenerate materials, they are still valid for the degenerate
materials. Generally, through the introduction of small perturba-
tion in the values of material properties, the material degeneracy
problem can be avoided. In this sense, even the ﬁnal solutions
are expressed in terms of complex eigenvectors A and B, which
do not exist for degenerate materials, the solutions are still
applicable to degenerate materials through the technique of
perturbation.
Therefore, no matter complex or real, getting the explicit
expressions of A, B, N, NðhÞ, L, S and H becomes an important stage
to understand the effects of material properties on problems of
anisotropic elasticity. For plane problems of anisotropic elastic
materials, most of the explicit expressions have been well docu-
mented in Ting (1996). Their corresponding explicit expressions
for general piezoelectric materials covering all the possible
two-dimensional states such as generalized plane strain or plane
stress and short circuit or open circuit, were provided in my recent
study (Hwu, 2008).
In this paper, the explicit expressions of A, B, N, NðhÞ, L, S and H
of Stroh-like formalism for the coupled stretching–bending analy-
sis will be obtained by following the procedure employed in Stroh
formalism (Ting, 1996; Hwu, 2008). However, due to the complex-
ity only the fundamental elasticity matrix N and the material
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in our previous studies (Hsieh and Hwu, 2002; Hwu, 2003) are
presented for the general laminates, all the other matrices are pre-
sented for the symmetric laminates and isotropic plates. Moreover,
to show the applicability to degenerate materials, these explicit
expressions are applied to obtain the real form expressions of the
Green’s functions for an inﬁnite isotropic plate subjected to concen-
trated forces (including in-plane forces and transverse force) and
bending moments (including out-of-plane bending moment and
in-plane twisting moment) at an arbitrary location.
2. Stroh-like formalism for coupled stretching–bending analysis
According to the Kirchhoff’s assumptions for thin plates, the
kinematic relations, the constitutive laws and the equilibrium
equations for coupled stretching–bending analysis of composite
laminates can be written in tensor notation as (Hwu, 2003)
eij ¼ 12 ðui;j þ uj;iÞ; jij ¼
1
2
ðbi;j þ bj;iÞ;
Nij ¼ Aijklekl þ Bijkljkl; Mij ¼ Bijklekl þ Dijkljkl; ð2:1Þ
Nij;j ¼ 0; Mij;ij þ q ¼ 0; Qi ¼ Mij;j; i; j; k; l ¼ 1;2;
where
b1 ¼ w;1; b2 ¼ w;2: ð2:2Þ
In the above, u1; u2 and w are the middle surface displacements in
the x1; x2 and x3 directions, and bi; i ¼ 1;2; are the negative of the
slope of the middle surface in the x1 and x2 directions. eij and jij de-
note the mid-plane strain and plate curvature; Nij;Mij and Qi denote
the stress resultants, bending moments and shear forces; Aijkl;Bijkl
and Dijkl are, respectively, the extensional, coupling and bending
stiffness tensors; q is the lateral distributed load applied on the lam-
inates. The subscript comma stands for differentiation. Repeated
indices imply summation.
A general solution satisfying all the basic equations stated in
(2.1) has been obtained (Hwu, 2003) and purposely arranged in
the form of Stroh formalism for two-dimensional anisotropic elas-
ticity (Ting, 1996), and hence is called Stroh-like formalism. With
this formalism, the solution ﬁelds of displacements and stresses
can be expressed as (Hwu, 2003)
ud ¼ 2RefAfðzÞg; /d ¼ 2RefBfðzÞg; ð2:3Þ
where ud and /d are, respectively, the generalized displacement and
stress function vector; A and B are the material eigenvector matrices;
fðzÞ is a function vector composed of four holomorphic functions
with complex variables zað¼ x1 þ lax2Þ; a ¼ 1;2;3;4; and la are
the material eigenvalues; Re stands for the real part of a complex
number. Details of these vectors and matrices are
ud ¼
u
b
 
; /d ¼
/
w
 
; u ¼ u1
u2
 
; b ¼ b1
b2
 
;
/ ¼ /1
/2
 
; w ¼ w1
w2
 
; ð2:4aÞ
and
fðzÞ ¼
f1ðz1Þ
f2ðz2Þ
f3ðz3Þ
f4ðz4Þ
8>><>>:
9>>=>>;; za ¼ x1 þ lax2; a ¼ 1;2;3;4; ð2:4bÞ
A ¼ a1 a2 a3 a4½ ; B ¼ b1 b2 b3 b4½ : ð2:4cÞ
In (2.4a), /1;/2 and w1;w2 are the stress functions related to the
stress resultants Nij, shear forces Qi, effective shear forces Vi and
bending moments Mij byN11 ¼ /1;2; N22 ¼ /2;1; N12 ¼ /1;1 ¼ /2;2 ¼ N21;
M11 ¼ w1;2; M22 ¼ w2;1; M12 ¼ w1;1  g ¼ w2;2 þ g ¼ M21;
Q1 ¼ g;2; Q2 ¼ g;1; V1 ¼ w2;22; V2 ¼ w1;11
ð2:5aÞ
where
g ¼ 1
2
wk;k ¼
1
2
ðw1;1 þ w2;2Þ: ð2:5bÞ2.1. Material eigen-relation
In (2.4b,c), la and ðaa;baÞ are, respectively, the material eigen-
values and eigenvectors, which can be determined by the following
eigen-relation
Nn ¼ ln: ð2:6Þ
Here, N is the fundamental elasticity matrixwhich is a 8  8 real ma-
trix, and n is a 8  1 complex vector composed of the material
eigenvectors a and b, i.e.,
N ¼
N1 N2
N3 N
T
1
" #
; n ¼
a
b
( )
; ð2:7Þ
in which the superscript T denotes the transpose of a matrix, and
N1; N2 and N3 are three 4  4 submatrices of N deﬁned by
N1 N2
N3 N
T
1
" #
¼
I1 I2
I2 I1
" #
T1m RTm T1m
RmT
1
m R
T
m  Qm RmT1m
" #
I1 I2
I2 I1
" #
:
ð2:8Þ
I1 and I2 are two 4  4 matrices composed of the 2  2 unit matrix I
and 2  2 zero matrix 0, and are deﬁned by
I1 ¼
I 0
0 0
 
; I2 ¼
0 0
0 I
 
: ð2:9Þ
In (2.8), Qm; Rm and Tm are three 4  4 real matrices deﬁned by
Qm ¼
eA11 eA16 eB16=2 eB12eA16 eA66 eB66=2 eB62eB16=2 eB66=2 eD66=4 eD26=2eB12 eB62 eD26=2 eD22
266666664
377777775; ð2:10aÞ
Rm ¼
eA16 eA12 eB11 eB16=2eA66 eA26 eB61 eB66=2eB66=2 eB26=2 eD16=2 eD66=4eB62 eB22 eD12 eD26=2
266666664
377777775; ð2:10bÞ
Tm ¼
eA66 eA26 eB61 eB66=2eA26 eA22 eB21 eB26=2
eB61 eB21 eD11 eD16=2
eB66=2 eB26=2 eD16=2 eD66=4
266666664
377777775; ð2:10cÞ
in which eAij; eBij and eDij are components of the matrices eA; eB and eD
that are related to the extensional, coupling and bending stiffness
matrices, A, B and D, by
eA ¼ A BD1B; eB ¼ BD1; eD ¼ D1: ð2:11Þ
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deﬁned by
Aij ¼
Xn
k¼1
ðCijÞkðhk  hk1Þ;
Bij ¼ 12
Xn
k¼1
ðCijÞkðh2k  h2k1Þ; ð2:12Þ
Dij ¼ 13
Xn
k¼1
ðCijÞkðh3k  h3k1Þ;
where hk and hk1 denotes, respectively, the location of the bottom
and top surface of the kth lamina. ðCijÞk are the elastic constants of
the kth lamina.
Note that in the above matrix expressions, the symbols with Ita-
lic fonts, A and B, denoting the extensional and coupling stiffness-
es, have different representations from the eigenvector matrices A
and B deﬁned in (2.4c). The former is the traditional notation used
in the community of mechanics of composite materials, while the
latter is the notation generally used in the community of aniso-
tropic elasticity. To let the readers from both communities see
clearly what we express in this paper, we just use italic and roman
fonts to distinguish these symbols.
Note also that the material eigenvalues la;a ¼ 1;2;3;4; have
been assumed to be distinct in the general solution (2.3). Moreover,
the four pairs of material eigenvectors ðaa;baÞ;a ¼ 1;2;3;4; are as-
sumed to be those corresponding to the eigenvalues with positive
imaginary parts. For the materials whose eigenvalues are repeated,
a small perturbation in their values may be introduced to avoid the
degenerate problems (Hwu and Yen, 1991), or amodiﬁcation on the
general solution can be done (Ting, 1996; Yin, 2003a,b).
Like the generalized eigen-relation for the two-dimensional
problems (Ting, 1996), the eigen-relation (2.6) can be generalized
in dual coordinate systems as
NðxÞn ¼ lðxÞn; ð2:13aÞ
where
NðxÞ ¼ N1ðxÞ N2ðxÞ
N3ðxÞ NT1ðxÞ
 
¼ I1 I2
I2 I1
  T1m ðxÞRTmðxÞ T1m ðxÞ
RmðxÞT1m ðxÞRTmðxÞ  QmðxÞ RmðxÞT1m ðxÞ
" #
 I1 I2
I2 I1
 
: ð2:13bÞ
and
lðxÞ ¼  sinxþ l cosx
cosxþ l sinx : ð2:13cÞ
In (2.13b), QmðxÞ; RmðxÞ and TmðxÞ are related to the matrices
Qm; Rm and Tm deﬁned in (2.10a–c) by
QmðxÞ ¼ Qm cos2xþ ðRm þ RTmÞ sinx cosxþ Tm sin2x;
RmðxÞ ¼ Rm cos2xþ ðTm  QmÞ sinx cosx RTm sin2x; ð2:14Þ
TmðxÞ ¼ Tm cos2x ðRm þ RTmÞ sinx cosxþ Qm sin2x;
in which x denotes the angle between the rotated and original
coordinates.
2.2. Stress functions
It isknownthat therelations (2.5)are important for thecalculation
of the stress resultants/bending moments from the stress functions
/1;/2 andw1;w2. However, from these relations only the stress resul-
tants/bending moments based on x1—x2 the coordinates are calcu-
lated. In engineering applications, one usually needs to calculate
these values for different coordinate systems. The most commonway to calculate the stress components for the other coordinate sys-
tems is applying the transformation law of second order tensors.
Although this traditional approach still works, it is really not conve-
nient when the general solution is expressed in terms of the stress
functions instead of the stresses themselves. To get a direct connec-
tion between the stress functions and the stress resultants/bending
moments for the general tangent–normal ðs—nÞ coordinate, the con-
cept of surface traction for two-dimensional anisotropic elasticityhas
been applied (Ting, 1996). Through this concept and the relations
(2.5), the stress resultants Nn;Ns;Nns, bending momentsMn;Ms;Mns,
shear forces Qn;Qs and effective shear forces Vn;Vs in the tangent–
normal ðs—nÞ coordinate system, can be calculated directly from
the stress functionsby the followingrelations (HsiehandHwu, 2003),
Nn ¼ nT/;s; Nns ¼ sT/;s ¼ nT/;n; Ns ¼ sT/;n;
Mn ¼ nTw;s; Mns ¼ sTw;s  g ¼ nTw;n þ g; ð2:15aÞ
Ms ¼ sTw;n; Qn ¼ g;s; Qs ¼ g;n;
Vn ¼ ðsTw;sÞ;s; Vs ¼ ðnTw;nÞ;n;
where
g ¼ 1
2
ðsTw;s þ nTw;nÞ;
sT ¼ ðcos h; sin hÞ; nT ¼ ð sin h; cos hÞ;
ð2:15bÞ
and h is the angle directed clockwise from the positive x1-axis to the
tangential direction s.
For polar coordinate system ðr; hÞ, we may let s and n denote the
directions of r and h, and @s and @n be replaced by @r and r@h. With
this replacement, it can be proved that the stress resultants/bend-
ing moments in the polar coordinate system are related to the
stress functions by
Nh ¼ nT/;r ; Nrh ¼ sT/;r ¼ 
1
r
nT/;h; Nr ¼ 
1
r
sT/;h;
Mh ¼ nTw;r ; Mrh ¼ sTw;r  g ¼ 
1
r
nTw;h þ g; Mr ¼ 
1
r
sTw;h;
Q h ¼ g;r ; Qr ¼ 
1
r
g;h; g ¼
1
2
sTw;r þ
1
r
nTw;h
 
;
Vh ¼ sTw;r
 	
;r ¼ sTw;rr; Vr ¼ 
1
r
1
r
nTw;h
 
;h
¼  1
r2
nTw;hh  sTw;h
 	
;
ð2:16Þ
where s and n denoting the directions of r and h can still be
expressed by those given in (2.15b).
3. Explicit expressions for fundamental elasticity matrix N
The Stroh-like formalism presented in Section 2 is a combina-
tion of the displacement formalism and mixed formalism devel-
oped in my previous work (Hwu, 2003). In that work, the explicit
expression for the fundamental matrix of mixed formalism has
been obtained by following the approach for the corresponding
two-dimensional problems (Hsieh and Hwu, 2002). In addition,
the relation between the fundamental matrices of mixed formal-
ism and displacement formalism has also been obtained in that
work. Here, the fundamental elasticity matrix shown in Section 2
is that of the displacement formalism and can therefore be
obtained from the results of Hwu (2003). They are
N1 ¼ 1eD
X11 X12 Y13 Y14
X21 0 Y23 Y24
0 0 0 X43eB12 0 X34 X44
26664
37775; N2 ¼ 1eD
Y11 Y12 0 X14
Y12 Y22 0 X24
0 0 0 0
X14 X24 0 eA11
26664
37775;
N3 ¼ 1eD
eD22 0 X31 X41
0 0 0 0
X31 0 Y33 Y34
X41 0 Y34 Y44
266664
377775; ð3:1aÞ
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eD ¼ eB12eB12 þ eA11 eD22;
X11 ¼ eA16 eD22 þ eB12eB62; X12 ¼  eA11 eD22 þ eB12eB12
 ;
X14 ¼ eA11eB62  eA16eB12;
X21 ¼ eA12 eD22 þ eB12eB22; X24 ¼ eA11eB22  eA12eB12;
X31 ¼ eB11 eD22  eB12 eD12; X34 ¼  eA11 eD12 þ eB11eB12
 ;
X41 ¼ 2ðeB16 eD22  eB12 eD26Þ;
X43 ¼ eA11 eD22 þ eB12eB12; X44 ¼ 2 eA11 eD26 þ eB16eB12
 ; ð3:1bÞ
Y11 ¼ eA11eB262 þ eA66eB212 þ eA11eA66 eD22  eA216 eD22  2eA16eB12eB62;
Y12 ¼ eA11eB22eB62 þ eA26eB212 þ eA11eA26 eD22  eA12eA16 eD22
 eA12eB12eB62  eA16eB12eB22;
Y13 ¼ eA16eB12 eD12 þ eB212eB61 þ eA11eB61 eD22  eA16eB11 eD22
 eA11eB62 eD12  eB11eB12eB62;
Y14 ¼ 2 eA16eB12 eD26 þ eB212eB66 þ eA11eB66 eD22  eA16eB16 eD22

eA11eB62 eD26  eB12eB16eB62; ð3:1cÞ
Y22 ¼ eA11eB222 þ eA22eB212 þ eA11eA22 eD22  eA212 eD22  2eA12eB12eB22;
Y23 ¼ eA12eB12 eD12 þ eB212eB21 þ eA11eB21 eD22  eA12eB11 eD22
 eA11eB22 eD12  eB11eB12eB22;
Y24 ¼ 2 eA12eB12 eD26 þ eB212eB26 þ eA11eB26 eD22  eA12eB16 eD22

eA11eB22 eD26  eB12eB16eB22; ð3:1dÞ
Y33 ¼ eA11 eD212 þ 2eB11eB12 eD12  eB211 eD22  eB212 eD11  eA11 eD11 eD22;
Y34 ¼ 2 eB12eB16 eD12 þ eA11 eD12 eD26 þ eB11eB12 eD26  eA11 eD16 eD22

eB212 eD16  eB11eB16 eD22; ð3:1eÞ
Y44 ¼ 4 eA11 eD226 þ 2eB12eB16 eD26  eB216 eD22  eB212 eD66  eA11 eD22 eD66
 ;
ð3:1fÞ
in which eA; eB and eD are related to the extensional, bending and
coupling stiffness matrices, A, B and D, byeA ¼ A1; eB ¼ A1B; eD ¼ D BA1B: ð3:2Þ
3.1. Symmetric laminates
If the plate is symmetric with respect to the mid-plane such as
symmetric laminates, the coupling stiffness B will be identical to
zero and the stretching and bending deformation will be uncou-
pled. Substituting B = 0 into (3.2), we have
eA ¼ A1; eB ¼ 0; eD ¼ D: ð3:3Þ
With this result, the fundamental elasticity matrix (3.1) can be fur-
ther reduced toN1 ¼
A16
A11
1 0 0
A12
A11
0 0 0
0 0 0 1
0 0  D12D22 2
D26
D22
266666664
377777775;
N2 ¼
A66  A
2
16
A11
A26  A

12A

16
A11
0 0
A26  A

12A

16
A11
A22  A
2
12
A11
0 0
0 0 0 0
0 0 0 1D22
266666664
377777775;
N3 ¼
 1A11 0 0 0
0 0 0 0
0 0  D11  D
2
12
D22

 
2 D16  D12D26D22

 
0 0 2 D16  D12D26D22

 
4 D66  D
2
26
D22

 
266666664
377777775; ð3:4Þ
where Aij; i; j ¼ 1;2;6; denote the components of A1.
3.2. Isotropic plates
For a single layer isotropic plate with Young’s modulus E and
Poisson’s ratio m, its elastic stiffness for generalized plane stress
condition can be expressed as
C11 ¼ C22 ¼ E1 m2 ; C12 ¼ C21 ¼
mE
1 m2 ;
C66 ¼ E2ð1þ mÞ ; C16 ¼ C26 ¼ 0: ð3:5Þ
Substituting (3.5) into (2.12), the coupling stiffness B will be
identical to zero and the extensional and bending stiffnesses can
be obtained as
A11 ¼ A22 ¼ A; A12 ¼ A21 ¼ mA; A66 ¼ ð1 mÞA=2; A16 ¼ A26 ¼ 0;
D11 ¼ D22 ¼ D; D12 ¼ D21 ¼ mD; D66 ¼ ð1 mÞD=2; D16 ¼ D26 ¼ 0;
ð3:6aÞ
where
A ¼ Eh
1 m2 ; D ¼
Eh3
12ð1 m2Þ ; ð3:6bÞ
and h is the thickness of the plate. The fundamental elasticity
matrix N for the isotropic plates can therefore be obtained by
substituting (3.6) into (3.4), which is
N1 ¼
0 1 0 0
m 0 0 0
0 0 0 1
0 0 m 0
26664
37775; N2 ¼
2ð1þmÞ
Eh 0 0 0
0 1m2Eh 0 0
0 0 0 0
0 0 0 12ð1m
2Þ
Eh3
2666664
3777775;
N3 ¼
Eh 0 0 0
0 0 0 0
0 0  Eh312 0
0 0 0  Eh36ð1þmÞ
266664
377775: ð3:7Þ4. Explicit expressions for material eigenvector matrices
A and B
Like the fundamentalmatrix, the explicit expressions ofmaterial
eigenvectors have also been obtained for the mixed formalism
(Hwu, 2003). Since the material eigenvector matrices A and B used
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ism, their explicit expressions should be obtained through the rela-
tions between displacement formalism andmixed formalism found
in (Hwu, 2003). With this understanding, the explicit expressions
for material eigenvector matrices can now be written as
A ¼
c1a11 c2a12 c3a13 c4a14
c1a21 c2a22 c3a23 c4a24
c1a31 c2a32 c3a33 c3a34
c1a41 c2a42 c3a43 c3a44
266664
377775;
B ¼
c1b11 c2b12 c3b13 c4b14
c1b21 c2b22 c3b23 c4b24
c1b31 c2b32 c3b33 c3b34
c1b41 c2b42 c3b43 c3b44
266664
377775; ð4:1Þ
where aij and bij are determined by the following relations.
If ‘1 and/or ‘3 – 0:a1k ¼ p1ðlkÞ þ kkq1ðlkÞ; b1k ¼ lk;
a2k ¼ ½p2ðlkÞ þ kkq2ðlkÞ=lk; b2k ¼ 1;
a3k ¼ kk; b3k ¼ ½h1ðlkÞ  kkg1ðlkÞ=lk;
a4k ¼ kklk; b4k ¼ h2ðlkÞ þ kkg2ðlkÞ;
kk ¼ ‘4ðlkÞ=‘3ðlkÞ ¼ ‘2ðlkÞ=‘1ðlkÞ; k ¼ 1;2;3;4:
ð4:2ÞIf ‘2 and/or ‘4 – 0:1 1a1k ¼ kk p1ðlkÞ þ q1ðlkÞ; b1k ¼ kk lk;
a2k ¼ ½k1k p2ðlkÞ þ q2ðlkÞ=lk; b2k ¼ k1k ;
a3k ¼ 1; b3k ¼ ½k1k h1ðlkÞ  g1ðlkÞ=lk;
a4k ¼ lk; b4k ¼ k1k h2ðlkÞ þ g2ðlkÞ;
k1k ¼ ‘3ðlkÞ=‘4ðlkÞ ¼ ‘1ðlkÞ=‘2ðlkÞ; k ¼ 1;2;3;4:
ð4:3Þ
In the above, pjðlkÞ; qjðlkÞ; gjðlkÞ; hjðlkÞ and ‘1ðlkÞ; ‘2ðlkÞ; ‘3ðlkÞ;
‘4ðlkÞ are deﬁned by
pj ¼ l2eAj1 þ eAj2  leAj6; qj ¼ eBj1 þ l2eBj2 þ 2leBj6;
hj ¼ l2eB1j þ eB2j  leB6j; gj ¼ eDj1 þ l2 eDj2 þ 2leDj6; ð4:4aÞ
‘1 ¼ g12lþ
lg2
2
þ g6; ‘2 ¼
h1
2l
þ lh2
2
þ h6;
‘3 ¼ lq1 þ
q2
l
 q6; ‘4 ¼ lp1 þ
p2
l
 p6:
ð4:4bÞ
The scaling factor ck; k ¼ 1;2;3;4, are determined by
c2k ¼
1
2ða1kb1k þ a2kb2k þ a3kb3k þ a4kb4kÞ ; k ¼ 1;2;3;4: ð4:5Þ
Note that the last equality of (4.2) or (4.3) comes from the following
8th order polynomial characteristic equation,
‘1ðlkÞ‘4ðlkÞ þ ‘2ðlkÞ‘3ðlkÞ ¼ 0; ð4:6Þ
which has been proved to be equivalent to the determinant of the
eigen-relation (2.6), i.e., kN lIk ¼ 0 (Hwu, 2003).
4.1. Symmetric laminates
To get the simpliﬁed expressions of the material eigenvectors,
we ﬁrst substitute (3.3) into (4.4a,b), which will lead to
qj ¼ hj ¼ 0; j ¼ 1;2;6 and ‘2 ¼ ‘3 ¼ 0: ð4:7ÞThus, by the characteristic Eq. (4.6) we know that the material
eigenvalues may be obtained from
‘1ðlÞ ¼ 0; or ‘4ðlÞ ¼ 0: ð4:8Þ
If we let the eigenvalues with positive imaginary parts obtained
from ‘4ðlÞ ¼ 0 be l1 and l2, and those obtained from ‘1ðlÞ ¼ 0
be l3 and l4, by (4.2) and (4.3) we have
A ¼
c1p1ðl1Þ c2p1ðl2Þ 0 0
c1p2ðl1Þ=l1 c2p2ðl2Þ=l2 0 0
0 0 c3 c4
0 0 c3l3 c4l4
26664
37775; ð4:9aÞ
B ¼
c1l1 c2l2 0 0
c1 c2 0 0
0 0 c3g1ðl3Þ=l3 c4g1ðl4Þ=l4
0 0 c3g2ðl3Þ c4g2ðl4Þ
26664
37775: ð4:9bÞ4.2. Isotropic plates
With the coupling stiffness being zero and the extensional and
bending stiffnesses given in (3.6) for isotropic plates, from (4.8)
we get
l1 ¼ l2 ¼ l3 ¼ l4 ¼ i; ð4:10Þ
which are repeated roots. From (4.9a,b) we see that the ﬁrst and
second eigenvectors are dependent each other, and so are the third
and fourth eigenvectors. In other words, the material eigenvector
matrices A and B do not exist for the isotropic plates, which are
classiﬁed as plates of degenerate materials. In this situation, a small
perturbation of the material properties is suggested in the numeri-
cal calculation to avoid the degenerate problems (Hwu and Yen,
1991), or a generalized eigenvector is introduced in the modiﬁca-
tion of the general solution (Ting and Hwu, 1988).
5. Explicit expressions for generalized fundamental elasticity
matrix NðxÞ
The explicit expressions for the fundamental elasticity matrix
shown in Section 3 were derived by following the approach for
the corresponding two-dimensional problems (Hsieh and Hwu,
2002). It seems that same approach can be applied to obtain the
explicit expressions for the generalized fundamental elasticity ma-
trix. However, the difﬁculty we face is getting the explicit solutions
from a complicated system of linear algebraic equations. Although
it is possible to get the solutions through the symbolic computer
program such as mathematica, their solutions are too complicated
and do not deserve to be written down explicitly. With this under-
standing, in the following only the explicit expressions for sym-
metric laminates and isotropic plates are presented.
5.1. Symmetric laminates
For symmetric laminates, the coupling stiffness B = 0which will
lead to (3.3). Substitution of (3.3) into (2.10a–c) and then to (2.14),
we get
QmðxÞ ¼
Q11 Q12 0 0
Q12 Q22 0 0
0 0 Q33 Q34
0 0 Q34 Q44
26664
37775; RmðxÞ ¼
R11 R12 0 0
R21 R22 0 0
0 0 R33 R34
0 0 R43 R44
26664
37775;
TmðxÞ ¼
T11 T12 0 0
T12 T22 0 0
0 0 T33 T34
0 0 T34 T44
26664
37775; ð5:1Þ
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Q11 ¼ c2A11 þ 2csA16 þ s2A66; Q22 ¼ c2A66 þ 2csA26 þ s2A22;
Q12 ¼ c2A16 þ csðA12 þ A66Þ þ s2A26;
Q33 ¼ 
c2
4
D66 þ csD16  s2D11;
Q44 ¼ c2D22 þ csD26 
s2
4
D66; ð5:2aÞ
Q34 ¼ 
c2
2
D26 þ cs D12 þ
1
4
D66
 
 s
2
2
D16;
R11 ¼ ðc2  s2ÞA16  csðA11  A66Þ;
R22 ¼ ðc2  s2ÞA26 þ csðA22  A66Þ;
R12 ¼ c2A12 þ csðA26  A16Þ  s2A66;
R21 ¼ c2A66 þ csðA26  A16Þ  s2A12;
R33 ¼ 12 ðc
2  s2ÞD16  csðD11 
1
4
D66Þ;
R44 ¼ 12 ðc
2  s2ÞD26 þ cs D22 
1
4
D66
 
; ð5:2bÞ
R34 ¼ c
2
4
D66 
cs
2
ðD16  D26Þ  s2D12;
R43 ¼ c2D12 
cs
2
ðD16  D26Þ 
s2
4
D66;
T11 ¼ c2A66  2csA16 þ s2A11; T22 ¼ c2A22  2csA26 þ s2A66;
T12 ¼ c2A26  csðA12 þ A66Þ þ s2A16;
T33 ¼ c2D11  csD16 
s2
4
D66;
T44 ¼  c
2
4
D66  csD26  s2D22; ð5:2cÞ
T34 ¼  c
2
2
D16  cs D12 þ
1
4
D66
 
 s
2
2
D26:
In the above, Dij; i; j ¼ 1;2;6; are the components of the inversion of
the bending stiffness, D1, and
c ¼ cosx; s ¼ sinx: ð5:3Þ
Substituting (5.1) directly into (2.13b), the explicit expressions for
the generalized fundamental elasticity matrix NðxÞ can then be ob-
tained as
N1ðxÞ ¼ 
P11 P12 0 0
P21 P22 0 0
0 0 P33 P43
0 0 P34 P44
266664
377775; N2ðxÞ ¼
T11 T

12 0 0
T12 T

22 0 0
0 0 V33 V34
0 0 V34 V44
266664
377775;
N3ðxÞ ¼
V11 V12 0 0
V12 V22 0 0
0 0 T33 T

34
0 0 T34 T

44
266664
377775 ð5:4Þ
where
T11 ¼ T22=DA; T22 ¼ T11=DA; T12 ¼ T12=DA;
T33 ¼ T44=DD; T44 ¼ T33=DD; T34 ¼ T34=DD;
ð5:5aÞP11 ¼ T11R11 þ T12R12; P12 ¼ T11R21 þ T12R22;
P21 ¼ T12R11 þ T22R12; P22 ¼ T12R21 þ T22R22;
P33 ¼ T33R33 þ T34R34; P34 ¼ T33R43 þ T34R44;
P43 ¼ T34R33 þ T44R34; P44 ¼ T34R43 þ T44R44;
ð5:5bÞV11 ¼R11P11þR12P21Q11; V22 ¼R21P12þR22P22Q22;
V12 ¼R11P12þR12P22Q12 ¼R21P11þR22P21Q12;
V33 ¼R33P33þR34P43Q33; V44 ¼R43P34þR44P44Q44;
V34 ¼R33P34þR34P44Q34 ¼R43P33þR44P43Q34:
ð5:5cÞand
DA ¼ T11T22  T212; DD ¼ T33T44  T234: ð5:5dÞ
By letting x ¼ 0, we can prove that the results of N1ð0Þ;N2ð0Þ and
N3ð0Þ obtained from (5.4) are identical to those obtained from
(3.4) for N1;N2 and N3.
5.2. Isotropic plates
The explicit expressions for the generalized fundamental matrix
NðxÞ of isotropic plates can be obtained by substituting the exten-
sional and bending stiffnesses given in (3.6) into (5.4). Their results
are
N1ðxÞ ¼ 1þ m2
sin2x k1  cos2x 0 0
k1  cos2x sin2x 0 0
0 0 k1 sin2x 1þ k1 cos2x
0 0 1þ k1 cos2x k1 sin2x
266664
377775;
N2ðxÞ ¼ ð1þ mÞ
2
2Eh
k2 þ cos2x sin2x 0 0
sin2x k2  cos2x 0 0
0 0 d1ð1 cos2xÞ d1 sin2x
0 0 d1 sin2x d1ð1þ cos2xÞ
266664
377775;
N3ðxÞ ¼ Eh2
1þ cos2x sin2x 0 0
sin2x 1 cos2x 0 0
0 0 d2ðk3  cos2xÞ d2 sin2x
0 0 d2 sin2x d2ðk3 þ cos2xÞ
266664
377775;
ð5:6aÞ
where
k1 ¼ 1 m1þ m ; k2 ¼
3 m
1þ m ; k3 ¼
3þ m
1 m ; d1 ¼
12
h2
k1;
d2 ¼ h
2
12
k1: ð5:6bÞ6. Explicit expressions for Barnett–Lothe tensors S, H and L
Through the orthogonality relation for the material eigenvector
matrices A and B, it has been observed that the following three
matrices S, H and L are real (Ting, 1996),
S ¼ ið2ABT  IÞ; H ¼ 2iAAT ; L ¼ 2iBBT : ð6:1Þ
For two-dimensional problems, these three real matrices have been
proved to be the average values of N1ðxÞ; N2ðxÞ and N3ðxÞ over
the interval 0 6 x 6 p (Barnett and Lothe, 1973), and hence are
usually called Barnett–Lothe tensors. Since S, H and L deﬁned in
(6.1) appear frequently in the ﬁnal real form solutions, it becomes
important to get their explicit expressions. By following the steps
for two-dimensional problems (Ting, 1996; Hwu, 2008), the explicit
expressions of S, H and L can be obtained through the following
identity
AB1 ¼ ðSL1 þ iL1Þ: ð6:2Þ
Like the problem we discussed for the generalized fundamental
elasticity matrix, due to the complexity occurred from the inversion
of B, the results of S, H and L for the general unsymmetric laminates
will become awkward, that may be more inconvenient than direct
numerical calculation. In this sense, here we also ignore the presen-
tation for the general laminates and start from the symmetric
laminates.
6.1. Symmetric laminates
Substituting the explicit expressions of A and B shown in (4.9)
into (6.2), and using the relations obtained from the characteristic
532 C. Hwu / International Journal of Solids and Structures 47 (2010) 526–536Eq. (4.8) (one may refer to Ting (1996) for similar simpliﬁcation
technique), we get
SL1 ¼
0 cAA

11A12 0 0
cAA11A12 0 0 0
0 0 0 kDðD12 cDD22Þ
0 0 kDðD12 cDD22Þ 0
26666664
37777775;
L1 ¼
bAA

11 dAA

11 0 0
dAA

11 eAA

11 0 0
0 0 kDbDD22 kDdDD22
0 0 kDdDD22 kDeDD22
26666664
37777775; ð6:3Þ
where bA; cA; dA; eA and bD; cD;dD; eD; kD are real coefﬁcients related
to the material eigenvalues by
l1 þ l2 ¼ aA þ ibA; l1l2 ¼ cA þ idA; eA ¼ aAdA  bAcA;
l3 þ l4 ¼ aD þ ibD; l3l4 ¼ cD þ idD; eD ¼ aDdD  bDcD; ð6:4Þ
kD ¼ bDeD  c2D  d2D

 
D222 þ 2cDD12D22  D212
n o1
:
With the results of (6.3), L, S and H can then be obtained by using
the following relations (Ting, 1996)
L ¼ ðL1Þ1; S ¼ ðSL1ÞL; H ¼ L1 þ SðSL1Þ: ð6:5Þ
Their ﬁnal simpliﬁed results are
L ¼
eALa dALa 0 0
dALa bALa 0 0
0 0 eDLd dDLd
0 0 dDLd bDLd
26664
37775;
S ¼
dASa bASa 0 0
eASa dASa 0 0
0 0 dDSd bDSd
0 0 eDSd dDSd
26664
37775;
H ¼
bAHa dAHa 0 0
dAHa eAHa 0 0
0 0 bDHd dDHd
0 0 dDHd eDHd
26664
37775;
ð6:6Þ
where
La ¼ A

11
A20
; Ld ¼ kDD22
D20
;
Sa ¼ A

11
A20
cAA

11  A12
 	
; Sd ¼ k
2
DD22
D20
ðD12  cDD22Þ;
Ha ¼ A11 
A11
A20
cAA

11  A12
 	2
; Hd ¼ kDD22  k
3
DD22
D20
ðD12  cDD22Þ2;
ð6:7aÞ
and
A20 ¼ bAeA  d2A

 
A211; D
2
0 ¼ bDeD  d2D

 
k2DD
2
22: ð6:7bÞ6.2. Isotropic plates
With the extensional and bending stiffnesses given in (3.6) and
the material eigenvalues obtained in (4.10), the real constants de-
ﬁned in (6.4) and (6.7a,b) for the isotropic plates can be obtained asaA ¼ aD ¼ dA ¼ dD ¼ 0; bA ¼ bD ¼ eA ¼ eD ¼ 2; cA ¼ cD ¼ 1;
kD ¼ 1ð3þ mÞð1 mÞD2 ; A0 ¼
2
Eh
; D0 ¼ 2kDD;
La ¼ Eh4 ; Ld ¼
ð3þ mÞð1 mÞD
4
; Sa ¼ 1 m4 ; Sd ¼
1þ m
4
;
Ha ¼ ð3 mÞð1þ mÞ4Eh ; Hd ¼
1
4D
:
ð6:8Þ
Substituting (6.8) into (6.6), we get
L11 ¼ L22 ¼ Eh=2; L33 ¼ L44 ¼ ð3þ mÞð1 mÞD=2;
all other Lij ¼ 0;
S12 ¼ S21 ¼ ð1 mÞ=2; S34 ¼ S43 ¼ ð1þ mÞ=2;
all other Sij ¼ 0; ð6:9Þ
H11 ¼ H22 ¼ ð3 mÞð1þ mÞ=ð2EhÞ; H33 ¼ H44 ¼ 1=ð2DÞ
all other Hij ¼ 0:
Note that all the solutions presented in this paper are for the cou-
pled stretching–bending analysis of thin laminated plates. When
the solutions are reduced to the special cases such that the stretch-
ing and bending deformation uncouple, the results of stretching
part may be compared with the known results obtained for the
two-dimensional problems. When this comparison is made for thin
plate, generalized plane stress condition should be considered in-
stead of plane strain condition. It is well known that the mathemat-
ical formulations of generalized plane stress and plane strain differ
only in the appearance of Lame constants. In practical applications,
to describe the isotropic materials it is common to use engineering
constants E and m instead of Lame constants. Through the relation
between engineering constants and Lame constants, and the equiv-
alence between plane strain and generalized plane stress shown in
most of the elasticity textbooks such as (Sokolnikoff, 1956), we can
prove that plane strain problem can be transferred to generalized
plane stress problem if we replace E; m by eE; em where
eE ¼ Eð1þ 2mÞ
ð1þ mÞ2
; ~m ¼ m
1þ m : ð6:10Þ
By using the above relation, it can be proved that the explicit
expressions of the stretching part obtained in (6.9) agree with those
presented in (Ting and Hwu, 1988) for plane strain problems. More-
over, Eq. (6.9) also agrees with the results obtained by the integral
of NiðxÞ; i ¼ 1;2;3; shown in (5.6), i.e.,
S ¼ 1
p
Z p
0
N1ðxÞdx; H ¼ 1p
Z p
0
N2ðxÞdx;
L ¼  1
p
Z p
0
N3ðxÞdx: ð6:11Þ7. Real form expressions for Green’s functions
Consider an inﬁnite laminate subjected to a concentrated force
f^ ¼ ðf^ 1; f^ 2; f^ 3Þ and moment m^ ¼ ðm^1; m^2; m^3Þ at point x^ ¼ ðx^1; x^2Þ.
The elasticity solution of this problem is generally called Green’s
function and has been obtained in explicit closed form (Hwu,
2004), which is
ud ¼ 2RefAfðzÞg; /d ¼ 2RefBfðzÞg; ð7:1aÞ
where
fðzÞ ¼ 1
2pi
lnðza  z^aÞh iAT p^þ f^ 32pi ðza  z^aÞ½lnðza  z^aÞ  1h iA
T i3
þ m^3
2pi
1
za  z^a
 
AT i2; ð7:1bÞ
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p^ ¼
f^ 1
f^ 2
m^2
m^1
8>>><>>:
9>>>=>>;; i1 ¼
1
0
0
0
8>>><>>:
9>>>=>>;; i2 ¼
0
1
0
0
8>>><>>:
9>>>=>>;; i3 ¼
0
0
1
0
8>>><>>:
9>>>=>>;: ð7:1cÞ
In the above, the angular bracket stands for the diagonal matrix
whose components vary according to the subscript a; a ¼ 1;2;
3;4; i.e., hfai ¼ diag½f1; f2; f3; f4.
By using some identities converting the complex form into real
form, the real form solution of (7.1) has also been obtained in Hwu
(2004) as
ud ¼  12p ðln rÞHþ p
eN2ðhÞn op^ rf^ 32p ðln r  1ÞbN2ðhÞn
þ p beN 2ðhÞi3 þ m^32prN^2ðhÞi2;
/d ¼ 
1
2p ðln rÞS
T þ peNT1 ðhÞn op^ rf^ 32p ðln r  1ÞbNT1 ðhÞn
þp beNT1 ðhÞi3 þ m^32prN^T1 ðhÞi2
ð7:2aÞ
where
eNT1 ðhÞ ¼ eN3ðhÞHþ eNT1ðhÞST ; eN2ðhÞ ¼ eN1ðhÞHþ eN2ðhÞST ;bNT1 ðhÞ ¼ bN3ðhÞHþ bNT1ðhÞST ; bN2ðhÞ ¼ bN1ðhÞHþ bN2ðhÞST ;
N
^T
1 ðhÞ ¼ N
^
3ðhÞHþ N
^
T
1ðhÞST ; N
^
2ðhÞ ¼ N
^
1ðhÞHþ N
^
2ðhÞST ;beN T1 ðhÞ ¼ bN3ðhÞeN2ðhÞ þ bNT1ðhÞeNT1 ðhÞ;beN 2ðhÞ ¼ bN1ðhÞeN2ðhÞ þ bN2ðhÞeNT1 ðhÞ;
ð7:2bÞ
and
eN1ðhÞ ¼ 1p
Z h
0
N1ðxÞdx; eN2ðhÞ ¼ 1p
Z h
0
N2ðxÞdx;
eN3ðhÞ ¼ 1p
Z h
0
N3ðxÞdx;
bN1ðhÞ ¼ cos hIþ sin hN1; bN2ðhÞ ¼ sin hN1; bN3ðhÞ ¼ sin hN3;
N
^
1ðhÞ ¼ cos hI sin hN1ðhÞ; N
^
2ðhÞ ¼  sin hN2ðhÞ;
N
^
3ðhÞ ¼ cos hI sin hNT1ðhÞ: ð7:2cÞ
Note that eNiðhÞ; bNiðhÞ and N^iðhÞ; i ¼ 1;2;3; are submatrices ofeNðhÞ; bNðhÞ and N^ðhÞ which are integral, z-associate and inversion
of the fundamental elasticity matrix N deﬁned by
eNðhÞ ¼ 1
p
Z h
0
NðxÞdx; bNðhÞ ¼ cos hIþ sin hN;
N
^
ðhÞ ¼ bN1ðhÞ ¼ ðcos hIþ sin hNÞ1 ¼ cos hI sin hNðhÞ: ð7:3Þ
The second equality of the last equation of (7.3) has been proved in
Ting (1996).
7.1. Isotropic plates
Substituting the results obtained in (3.7), (5.6) and (6.9) for iso-
tropic plates into (7.2a–c), and using the relations given in (2.16),
we can obtain the following explicit real form solutionsu1 ¼  1þ m8pEh 2ð3 mÞf^ 1 ln r  ð1þ mÞ½f^ 1ðcos 2h 1Þ
n
þf^ 2 sin 2h  2ð1þ mÞr m^3 sin h cos 2h

;
u2 ¼  1þ m8pEh 2ð3 mÞf^ 2 ln r  ð1þ mÞ½f^ 1 sin 2h
n
f^ 2ðcos 2h 1Þ  2r m^3 cos h½4 ð1þ mÞ cos 2h

;
ð7:4aÞb1 ¼ 
1
8pD
m^2ð2 ln r þ cos 2h 1Þ  m^1 sin 2hf
þ2f^ 3rðln r  1Þ cos h
o
;
b2 ¼ 
1
8pD
m^1ð2 ln r þ cos 2h 1Þ þ m^2 sin 2hf
þ2f^ 3r ln r sin h
o
;
ð7:4bÞw ¼ 1
16pD
4m^2rðln r  1Þ cos h 4m^1r ln r sin hf
þf^ 3r2½2ðln r  1Þ  cos 2h
o
;
ð7:4cÞNh ¼ 1m4pr f^ 1 coshþ f^ 2 sinh
n o
;
Nr ¼3þm4pr f^ 1 coshþ f^ 2 sinh
n o
 m^3
2pr2
ð1þmÞsin2h;
Nrh ¼ 1m4pr f^ 1 sinh f^ 2 cosh
n o
 m^3
4pr2
2ð1þmÞcos2hf g;
Mh ¼ 1þm4pr m^1 sinh m^2 coshf g
 f^ 3
4p
ð1þmÞ lnrð1mÞsin2 h
n o
;
ð7:4dÞMr ¼ 1þ m4pr m^1 sin h m^2 cos hf g
 f^ 3
4p
ð1þ mÞ ln r þ ð1 mÞ sin2 h
n o
;
Mrh ¼ 1 m4pr m^1 cos hþ m^2 sin hf g
 f^ 3
8p
ð1 mÞ sin 2h;
ð7:4eÞQ h ¼
1
2pr2 m^1 cos hþ m^2 sin hf g;
Qr ¼
1
2pr2
m^1 sin h m^2 cos hf g  f^ 32pr ;
ð7:4fÞVh ¼ 1þ m4pr2 m^1 cos hþ m^2 sin hf g;
Vr ¼ 3 m4pr2 m^1 sin h m^2 cos hf g 
f^ 3
4pr
2þ ð1 mÞ cos 2hf g:
ð7:4gÞ
The generalized displacement vector ud deﬁned in (2.4a) con-
tains only the in-plane displacements u1;u2 and slopes b1; b2. The
deﬂection should be calculated through the integration of b1 and
b2. However, since the explicit solutions shown in (7.4) are written
in terms of polar coordinates r and h, it is more convenient to use br
and bh instead of b1 and b2. They are related by
bh ¼ 
@w
r@h
¼ b1 sin hþ b2 cos h;
br ¼ 
@w
@r
¼ b1 cos hþ b2 sin h: ð7:5Þ
The deﬂection w can, therefore, be calculated through the integra-
tion of slopes br and bh, i.e.,
w ¼ 
Z
brdr ¼ r
Z
bhdh: ð7:6Þ
534 C. Hwu / International Journal of Solids and Structures 47 (2010) 526–536During integration, both the ﬁrst and second equality of (7.6) are
needed because both of them will leave the unknown integration
functions such as f ðhÞ for the ﬁrst equality and gðrÞ for the second
equality. These two integration constant functions should be deter-
mined through the equality relation. For the readers’ reference, the
explicit expressions of br and bh are shown in the following
bh ¼
1
8pD
2ðm^1 cos hþ m^2 sin hÞ ln r  2m^2 sin h f^ 3r sin 2h
n o
;
br ¼
1
8pD
2ðm^1 sin h m^2 cos hÞ ln r þ 2m^1 sin hf
f^ 3rð2 ln r  1 cos 2hÞ
o
ð7:7Þ
Note that the Green’s functions shown above may differ from
those shown in the literature, e.g., (Stern, 1979; Hartmann and
Zotemantel, 1986), by non-logarithmic terms, which will not inﬂu-
ence the boundary conditions set for the Green’s function (Hwu,
2004) and therefore can be treated as one of the Green’s functions.8. Numerical examples
To check whether the values calculated from the explicit
expressions derived in this paper agree with those obtained di-Table 1
Comparison of the explicit expressions and their associated relations.
Explicit expressions Associated relations
N1;N2;N3 (3.1),
a (3.4),b (3.7)c (2.8)a
A;B (4.1)–(4.5)a and (4.9)b (2.6)a and (2.4c)a
N1ðxÞ;N2ðxÞ;N3ðxÞ (5.4)b and (5.6)c (2.13b)a
S;H; L (6.6)b and (6.9)c (6.1)a
a For general laminates.
b For symmetric laminates.
c For isotropic plates.
Table 2
Comparison of the generalized displacements and stress functions at point (1,0) mm for t
u1 [mm] u2 [mm]
Unsymmetric laminates [+45/0/+45/45]
(7.1) 5:23 109 3:60 107
(7.2)a 5:23 109 3:60 107
Symmetric laminates 45s
(7.1) 0 0
(7.2) 0 0
Isotropic plates
(7.1)b 0 0
(7.2) 0 0
(7.4) 0 0
/1 ½MPamm2 /2 ½MPamm2
Unsymmetric laminates [+45/0/+45/45]
(7.1) 0:32 102 0:78 102
(7.2)a 0:32 102 0:78 102
Symmetric laminates 45s
(7.1) 0 0
(7.2) 0 0
Isotropic plates
(7.1)b 0 1:19 1010
(7.2) 0 1:19 1010
a Since the explicit expressions of N1ðhÞ;N2ðhÞ;N3ðhÞ and S, H, L used in (7.2) have not
by the deﬁnitions given in (2.13b) and (6.1).
b Since the complex form solution shown in (7.1) is not valid for the degenerate plates
the material constants.rectly from their associated relations, three representative lami-
nates are considered in the following examples. They are: (1)
[+45/0/+45/45] unsymmetric laminates, (2) ½45s symmetric
laminates, (3) isotropic plates. The mechanical properties of the
isotropic plates are: E ¼ 138 GPa; m ¼ 0:3, and the plate thickness
is 4 mm. The laminates are composed of graphite–epoxy ﬁber-
reinforced composite laminae. Each lamina thickness is 1 mm,
and the material properties of the graphite/epoxy are
E1 ¼ 138 GPa; E2 ¼ 9 GPa; G12 ¼ 6:9 GPa; m12 ¼ 0:3;
where E1 and E2 are the Young’s moduli in x1 and x2 directions,
respectively; G12 is the shear modulus in the x1x2 plane; m12 is the
major Poisson’s ratio and is related to the minor Poisson’s ratio
m21 by m21E1 ¼ m12E2.
8.1. Calculation of N,NðxÞ, A, B, S, H, L
As stated previously, some explicit expressions shown in this
paper such as NðxÞ, S, H and L are for symmetric laminates only,
and some matrices such as A and B do not exist for the degenerate
materials. For the purpose of comparison some calculations were
done only for the symmetric laminates. With the material proper-
ties given in this section, the numerical results of N,NðxÞ, A, B, S, H
and L can be calculated directly from the explicit expressions de-
rived in this paper or indirectly from the associated relations de-
ﬁned in the Stroh-like formalism (see Table 1). The numerical
results for several different kinds of laminated compositions all
prove that they are exactly the same.
8.2. An inﬁnite laminate subjected to a concentrated transverse force
It is known that the complex form solutions shown in (7.1) are
valid for the laminates whose material eigenvector matrices A and
B exist, i.e., the material eigenvalues la are distinct or a complete
set of independent eigenvectors exists when la are repeated. Forhe inﬁnite laminates subjected to a concentrated transverse force (0,0,1)Nt.
b1 [rad.] b2 [rad.]
3:63 107 6:54 108
3:63 107 6:54 108
3:59 107 1:35 107
3:59 107 1:35 107
9:84 108 0
9:84 108 0
9:84 108 0
 w1 ½MPamm3 w2 ½MPamm3
0:99 102 9:77 102
0:99 102 9:77 102
4:20 102 11:18 102
4:20 102 11:18 102
0 0.10
0 0.10
been obtained for the unsymmetric laminates, the results shown here are calculated
, the results shown here are calculated by the introduction of small perturbation of
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Fig. 1. Nr versus h for the laminates under a concentrated transverse force.
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Fig. 2. Mr versus h for the laminates under a concentrated transverse force.
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and their associated eigenvectors are dependent each other, a
small perturbation of the material constants should be made for
the numerical calculation to yield a complete set of independent
material eigenvectors. On the other hand, when we apply the real
form solutions obtained in (7.2), the calculation of the material
eigenvalues and eigenvectors has been avoided. Hence, the explicit
real form solutions (7.2) are valid for any kind of laminated plates
including the degenerate laminates such as the isotropic plates
whose real form solutions are shown in (7.4).
Table 2 shows the results of the generalized displacements and
stress functions at point (1,0) mm for the inﬁnite laminates sub-
jected to a concentrated transverse force (0,0,1)Nt applied at
x^ ¼ ð0;0Þ. The results of Nr ;Mr and Vr versus hðr ¼ 1Þ for three dif-
ferent laminates are plotted in Figs. 1–3. The numerical values of
these results are calculated based upon the solution (7.1) or (7.2)
with the aid of the relation (2.16). From Table 2 and Figs. 1–3,
we see that no matter the laminates are symmetric or unsymmet-
ric, degenerate or non-degenerate, the results calculated from thecomplex form solution (7.1) and the real form solution (7.2) are
exactly the same. This also shows that the explicit expressions
shown in this paper are correct. The uncoupling of inplane and
plate bending problems of symmetric laminates (including isotro-
pic plates) can be seen through the zero value of Nr . Moreover, the
correctness of the numerical data has also been checked through
the satisfaction of the following force and moment equilibrium
conditions (Hwu, 2004):
f^ 1 ¼ 
I
ðNr cos h Nrh sin hÞrdh;
f^ 2 ¼ 
I
ðNr sin hþ Nrh cos hÞrdh; f^ 3 ¼ 
I
Qrrdh;
m^1 ¼
I
fðMr  rQrÞ sin hþMrh cos hgrdh;
m^2 ¼
I
fðMr  rQrÞ cos hþMrh sin hgrdh; m^3 ¼ 
I
Nrhr2dh
ð8:1Þ
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Fig. 3. Vr versus h for the laminates under a concentrated transverse force.
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Consider Stroh-like formalism for the coupled stretching–bend-
ing analysis. The explicit expressions of the fundamental elasticity
matrix N and the material eigenvector matrices A and B are pre-
sented in this paper for the general laminates, and are further re-
duced to the symmetric laminates and isotropic plates. Whereas
for the generalized fundamental elasticity matrix NðhÞ and Bar-
nett–Lothe tensors L, S and H, due to the complexity involved in
the general laminates, their explicit expressions are presented only
for the symmetric laminates and isotropic plates. With these expli-
cit expressions, the Green’s functions for an inﬁnite laminate ob-
tained in complex form or in real matrix form can now be
expressed in real component form, which are useful for the analyt-
ical check of a new solution and are helpful for the understanding
of the effects of material properties on the problems of composite
laminates.Acknowledgements
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